Solution to Exercise 5!
1. (a) Note that

Then, we have

for any (u,v) € D.
Thus, the parametrized surface is regular.

(b) Since

x, = (— cosh v sin u, cosh v cosu, 0)
x, = (sinhv cosu,sinhvsinu, 1)
and
X, X X, = (coshv cos u, cosh v sin u, — sinh v cosh v)

Suppose that x,, X x,, = 0, then we have

coshvcosu =0
coshvsinu =0
sinh v coshv =0
For the first two equations, since cosh v # 0, so cos u = sinu = 0, contradiction!
Thus, the parametrized surface is regular.
(c) Since
X, = (1 — u® + 02, 2uw, 2u)
x, = (2uv, 1 — v? + u?, —2v)
and
Xy X Xy = —(u® + 0% + 1) (2u, —2v, v + v — 1)
Suppose that x,, X x, = 0, then we have
2u=10
20=0
uw?+0v2—-1=0

From the first two equations, we have u = v = 0 but u? + v? — 1 = —1 # 0, contradiction!
Thus, the parametrized surface is regular.

2. (a) Note that

Xu = (1707fu)
Xy = (0717fv)
Then, we have
Xy X Xy = (_fu7_fv7 ]-) 7é 0

for any (u,v) € D.
Thus, the surface x(D) is a regular parametrized surface.

'If you have any problems or spot any typos, please contact me via maxshung.math@gmail.com
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(b) (i) Parametrize S by x(u,v) = (u,v,u? — v?), and it is a graphical surface.
From (a), the surface is regular.
(ii) Parametrize S by x(u,v) = (u,v,u — v + 1), and it is a graphical surface.
From (a), the surface is regular.

(c) From (a), the normal vector to the surface x(D) is (— fu, —fu, 1).
Let (z,y,2) € x(D) , then
((2,y,2) = (w0, f(u,0)), (= fu, = fo, 1))
—fulx —u) — fuly—v)+ (z — f(u,v)) =0
2= f(u,v) = fulz —u) + fuly —v)
z = f(u,v) + fulx —u) + fo(y —v)
and this gives us the tangent plane of the graphical surface at the point p = x(u, v).
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(d) Parametrize the surface S by x(u, v) = (u, v, u? + v?).
Then, we have f(u,v) = u? 4+ v% and f, = 2u, f, = 2v .
From part (c), the tangent plane at the point (4, —3, 25) is given by

S= 0, 8) oL, 8) 4+ P (4, -3)y — (-3)

z2=25+2(4)(x —4)+2(-3)(y + 3)
z=8xr — 6y — 25

. Letxy € S, for any yo € S.
Since S is connected, so there is a smooth curve «(s) : [0, ] — S such that

a(0) = xg, a(€) = yo

So o/(s) € Tys)S forany s € [0, £].
By the assumption that all normal lines of S passes through p, so

(P —a(s)) L TaS
(p—afs),a'(s)) =0
d

- _ p— =0
75 (P —a(s),p—als))
So ||a(s) — p|| = R for some positive constants R. (Note that R > 0 because «(s) contains not
only one point), so
lzo =PIl = llvo —pll = R
and thus S lies on a sphere since vy is arbitrary on S.

(a) Note that

x, = (asinhwucosv, asinh usin v, ccosh u)
X, = (—acoshusinv, acoshucosv,0)

Then we have

E = (x4, Xy)
= a®sinh® u + ¢ cosh® u

F = (xy,%y)
= —a?sinhu cos u cos vsin v + a? sinh u cosh usin v cosv + 0
=0
= (Xy, Xu)

G = (x4, Xy)

= a®cosh?u



Thus, the first fundamental form of x as a 2 X 2 matrix is

I a?sinh? u + ¢2 cosh? u 0
N 0 a? cosh® u

(b) Since

{yu = (acoshucosv, acoshusinv, csinh u)

Yo = (—asinhusin v, asinh u cos v, 0)

Then, we have

E = (Yu Yu)
= a? cosh® u + ¢?sinh® u
F = (yu,yo)
= —a? cosh usinh u cos vsin v 4+ a® cosh u sinh usin v cosv + 0
=0
= (Yo, Yu)

G = <Y'u7 YU>

= a®sinh®u

Thus, the first fundamental form of y as a 2 X 2 matrix is

I (a2 cosh? u + c? sinh? u 0 )

0 a? sinh? u

(a) Using First principles, note that

¢(t) = tim T =T
o (x(u(t A+ R) ot ) = x(u(t), vt +h) x(u(t),v(t + h)) = x(u(t), v(t))
_’1113%< h + - )
= lim [(XW(”h) v(t + h)) = x(u(t), vt + b)) t+h ) — ult )
_h—>0 (t+h) (t)

x(u(t),v(t + h)) —x(u(t),v(t)) v(t+h)—o(t)
" ( o(t + h) = o(1) H

Since x is differentiable, so x,,, x,, exist for any (u,v).
Now, we consider 1’(¢) in the following situations:

* If u(t) and v(t) and constant functions, then

{ugt +h) —u(t) = Ve ()

)

Then x(u, v) is not a surface as x 1 (S) = {(ug, vo)} which is a point.
o If either u(t) or v(t) is a constant function, then

u(t+h)—u(t) =0, or v(t+h)—uv(t)=0

forany t € (a,b).
Then, x(u, v) is not a surface as x ' (S) = {(u,v)} or {(ug,v)} which are curves.



* If both u(t) and v(t) are non-constant functions, then we have x(u, v) is a surface as
x 1(S) = {(u,v)} C D which is a connected subset of R?, by definition of regular
parametrized surface x.

Therefore, we only consider the third case.
If both u(t) and v(t) are non-constant functions, then there exists d, * > 0 such that

lu(z) — u(t)| > 0forany z € (t — d,t +0) \ {t}
and
lv(z) —v(t)| > 0forany z € (t — 6", t+ ") \ {t}.
So now, we choose ' = min {4, 0*} > 0 such that [u(t-+h)—u(t)| > 0, |[v(t+h)—u(t)| > 0

forany h € (—¢',0") \ {0}.
Putting back to the above limit formula, we have

t+h t+h)) — t t+h t+h) — u(t
- (KO R) X)) |l h) )
u(t+h)—u(t),h—0 u(t+h) —u(t) h—0
v lim x(u(t), v(t + ) —x(u(t), o))\ . v(t+h) o)
v(t+h)—v(t),h—0 v(t+h) —o(t) h—0
S Ttar Tt dt
(b) From (a), note that
du du
IIr'(t)||2=(r'(t),r'(t)>=<(Xu x) [ 4L ], (% x0) | G >
dt dt
du T du
= (Xu Xv) ,lt) (Xu Xv) 5
dt dt
du
du dv X T
( : dt) (X) b o) | o
dt
du
:<du dv) <(xu,xu) <xu,xv>) a
todt) \(XesXu) (X0, %)) | WV
dt
du
— <d_“ @)[ qt
dt  dt av
dt
Thus, the arc length of r() is given by
, ) du
du dv pn
(= "(t)||dt = = 1| at | a,
[ o= [ (%) g
dt

where [ is the first fundamental form of x(u, v)



6.

(a) Since

x, = (3u®cos 0, 3u*sinf, 1)
xg = (—u3sin 0, u® cos 6, 0)

Then, we have

E=1+9u*

F = —3u° cos 0sin @ + 3u’sin @ cos § + 0
=0

G=nut

The first fundamental form of x as a 2 x 2 matrix is

1+9u* 0
= (0 )
and the required surface area is
2 1
// 1dA :/ / v det(I) dudf
D 0 0
27 1
= / / Vub(1 + 9u?) dudb
0 0
1
= 27T/ V1 + 9ut du
0

1! )
=21 — [ (1+9u")2d(1+ 9u")
36 Jo
u=1
| (1+9ut)?
1 3/2 »

8
e 3

= — 15_1>
27(0

{Xu = (cos v, sinw, 0)

(b) Note that

X, = (—usinv,ucosv, 1)

Then, we have

E=1

F = —ucosvsinv + usinwvcosv + 0(1)
=0

G=1+u’

The first fundamental form of x as a 2 x 2 matrix is

1 0
I= (O 1+u2)



and the required surface area is

//DldA:/O%/_ll\/W(I)dudv

27 1
= / / V1 + u? dudv
0o J-1

=2 - 2/1 V1+u?du
=27 (sinhfl(l) + \/5)
=27 (\/5 +In(1 + \/5))

(c) Since

Xy, = (—2(1 + cosw) sinu, 2(1 + cosv) cosu, 0)
X, = (—2cosusinv, —2sinusinv, 2 cos v)

Then, we have

(1 + cosv)(sinu)]* + [2(1 + cosv) cosu]” + 07

=[2

4(1 4 cosv)?(sin” u + cos® u)
4(1 + cosv)?
4
0

F =4(1 + cosv)sinucosusinv — 4(1 + cosv) sinwu cosusinv + 0(2 cos v)

= [~2cosusinv]® + [~2sin usin v]* + [2 cos v]?
= 4 sin® v(cos® u + sin® u) + 4 cos® v

= 4sin*v + 4 cos® v

=4

Thus, the first fundamental form of the horn torus under x as a 2 X 2 matrix is

I 4(1 +cosv)? 0
N 0 4

and the required surface area is

2T 1
//1dA:/ / V4 - 4(1 + cosv)? dudv
D o Jo

2m
:/ 4(1 + cosv) -u‘zzl)dv
0

V=27

= [4v + 4sinv],_,
= 8w




